In previous works the authors introduced a procedure for coupling linear modally reduced frequency-domain unsteady aerodynamic codes such as the Doublet Lattice and other panel methods with full order geometrically nonlinear finite element structural models for the analysis of high aspect ratio wings, Joined Wings, and other configurations with important geometric structural nonlinearities. The present paper extends the previous work and introduces a procedure to couple the full order (rather than modal based) linear unsteady aerodynamics and full order geometrically nonlinear structures. The work also presents two options for aeroelastic dynamic analyses. In the first option dynamic simulations are performed from the start after the system is perturbed by initial conditions such as an an initial shape corresponding to an angle of attack. In the second option the dynamic aeroelastic simulation is performed after a steady state equilibrium, obtained using a nonlinear static aeroelastic simulation, is perturbed. Dynamic aeroelasticity in this case is studied as a perturbation about steady state static solutions. Such simulation methods have already been used to study Limit Cycle Oscillations in the cases such as plate-like wings. Here, the static and dynamic aeroelastic behavior of a realistic Joined Wing configuration is analyzed in detail and the effects of the stiffness of the joint and wings are discussed. Static divergence, linear and nonlinear flutter speed, and time domain simulations are performed. It is shown that the present methodology is a useful tool for the study of new complex geometrically nonlinear non-planar configurations when the unsteady aerodynamic forces involved are linear.
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I. Introduction
T HE source of aeroelastic nonlinearity can be structural, aerodynamic or a combination of both.
1 This paper will focus on the case in which the source of nonlinearity is structural geometric, allowing large displacements and rotations. In the past nonlinear high aspect-ratio configurations were analyzed using beam models. 2−4 Geometrically nonlinear beam models were also adopted in the modeling of high-altitude long-endurance UAVs.
5−10 Such high aspect ratio wings deform considerably under load and can display large deformations. But even relatively small deformations can lead to significant geometrical nonlinear effects. Such are the cases of the strut-braced wing, 11−13 and the Joined-Wing (JW) configurations.
14−21
Geometric structural nonlinearity has been shown 22 to be extremely important for the aeroelastic simulation of low aspect ratio plate-like wings.
1 Theoretical and experimental studies of plate-like and beam-like wings with geometric structural nonlinearity 23−26 have indeed confirmed the importance of understanding where structural geometric nonlinear effects become aeroelastically important and of accounting for them.
An adequate modeling of the nonlinearity in the structural area for general configurations requires the use of the nonlinear Finite Element Method. But when nonlinear finite elements are used to model a geometrically nonlinear structure they are usually coupled with computational fluid dynamics (CFD) models for the flow, as it is natural to seek detailed modeling capable of capturing all nonlinearities in all disciplines contributing to aeroelastic interactions. 27, 28 But unsteady CFD simulations are computationally demanding and require a lengthy model set-up and meshing processes.
In the case of high aspect-ratio configurations and structural geometric nonlinearity 2D linear potential unsteady aerodynamic models in the time domain have been used with considerable success to capture aeroelastic behavior in subsonic flow. 29 Such models can be used to also model dynamic stall effects. 30 For low aspect ratio wings, where deformation is small enough that the unsteady aerodynamic loads are linear but large enough to cause structural geometric nonlinearity, dedicated time marching vortex lattice models proved adequate. 24−26 These dedicated time-marching vortex lattice models have been limited so far to planar configurations of simple planforms and to incompressible flow.
For the 3-dimensional (3D) case, unsteady aerodynamic linear potential codes such as the Doublet Lattice Methods (DLM), 31−32 PANAIR, 33 or ZAERO 34−36 have been the backbone of aeroelastic analysis and certification since the 1970s with great success. As long as small angles of attack are involved with no major shock waves or separation, such methods are accurate, useful, and thoroughly validated.
They are based on a frequency domain formulation, where unsteady aerodynamic force terms are calculated for simple harmonic motion at given reduced frequencies. These need to be transformed to the time domain for integration with time domain nonlinear structural models. The classical panel-based unsteady aerodynamic procedures are also based on a modal approach, in which the modeling of structural behavior is reduced in order by using generalized coordinates in the form of various mode shape bases.
Linear compressible unsteady aerodynamic theory has already been successfully used for the aeroelastic modeling of structurally nonlinear wing configurations. 37−38 In these previous efforts the unsteady aerodynamic models were modally reduced, and a special procedure based on the Least Square Method was introduced to transform the modally reduced order aerodynamic matrices to the full order FE matrices. The methodology proved to be effective for planar configurations and non-planar configurations when structural behavior is geometrically nonlinear, but overall deformation of the lifting surfaces involved is smooth and global in nature -the kind of overall deformation well captured by a well selected modal base. If, however, overall deformation of the configuration displays local effects not well captured by the set of deformation mode shapes used, a modal approach will lead to inaccuracy of the unsteady aerodynamic models.
In this present paper a full order (not modally reduced) aerodynamic model, corresponding to the full aerodynamic panel mesh involved, is coupled with a full order nonlinear structural model. The method can be used in all the cases in which the aerodynamic modal based model 37−38 is less accurate (highly geometrically nonlinear Joined Wings), but in which the aerodynamics can still be considered linear and the flow attached. Such an aerodynamically full order capability allows studies of the accuracy and performance of modally reduced aerodynamic models.
The paper presents results for a known plate-like delta wing. 25−26 Two methods 39 for time domain simulations are compared. In the first method the full order a time domain aerodynamic forces are modeled considering a first order ordinary differential equation for the lag terms and this leads to an expression of the aerodynamic forces which includes convolution integrals in the time domain. These integrals need to be approximated within the iterative process (Newton Raphson and Newmark methods). In the second method the aerodynamic forces are modeled considering a second order ordinary differential equation for the lag terms and, therefore, the integrals in the time domain are not required but auxiliary variables are needed. This work also compares two different options for dynamic aeroelastic simulations: complete dynamic simulation from the start, or dynamic perturbation simulation about steady state nonlinear static aeroelastic solutions. The method presented here is valid for both planar and non-planar configurations and is general. A conceptual description of the procedure presented in this work is shown in Figure 1 . A realistic Joined Wing configuration is also studied, and the effects of geometrical structural nonlinearity in this case are analyzed.
a In the companion paper 39 the aerodynamic forces are obtained from a reduced order model. 
II. Linear Unsteady Aerodynamics: the Doublet Lattice Method
The proposed method couples a nonlinear structural FEM software with a general linear unsteady aerodynamic panel code such as ZAERO or the Doublet Lattice Method. The results presented in this work are obtained by using the Doublet Lattice Method. 31−32 In the present study Rodden's "quartic" Doublet Lattice Method 31 is used. The generic non-planar wing system is modeled as an assembling of trapezoidal reference surfaces (named here "wing segments") with no initial angle of attack. The aerodynamic reference surfaces are divided into strips of trapezoidal panels. Each panel has a control point in which the boundary conditions are imposed.
III. Nonlinear Structural Model
The geometrically nonlinear structural model for thin walled aerospace structures is created using flat triangular elements. 40−42 The tangent stiffness matrix is built adding the linear elastic stiffness matrix and the geometric stiffness matrix. The geometric stiffness matrix is derived by using a load perturbation method: the gradient (with respect to the coordinates) of the nodal force vector (when the stresses are considered fixed) is calculated. The geometric stiffness matrix is calculated adding 4 matrices:
The matrix [K OUT representing the out-of-plane contribution of the membrane, is calculated considering the change of a vector force which is subjected to a small rigid rotation vector ω. A similar approach is adopted in order to calculate the matrix
OUT which represents the out-of-plane contribution of the plate. A particular procedure 40 is then used in order to remove the rigid body motion and calculate the unbalanced load as the analysis (Newton Raphson) progresses.
IV. Aeroelastic Time Domain Simulations with Full Order Nonlinear Structure and Full Order Linear Unsteady Aerodynamics
Using a notation introduced in an earlier work 37 the boundary condition associated with the unsteady aerodynamics can be written in the frequency domain as follows:
w (jω) is a vector containing the normalized normalwash calculated at the control points 31 of the aerodynamic panels, j is the complex unit, ω is the circular frequency and the vector Z loc (jω) contains the local out-of-plane motion at the control point locations. Using the infinite plate spline method 36,43 the spline matrices 37 A 3 and A 3 can be obtained. It is possible to relate the out-of-plane motion and slopes with the cumulative displacement vector 37 U (jω) as follows:
Substituting equations 3 and 4 into the relation which gives the normalwash (equation 2) we get:
The fundamental doublet lattice 31 equation relates the dimensionless normalwash with the dimensionless pressure jump as follows:
Using the same terminology introduced by Rodden et al. 31 A D (jω) is named normalwash factor matrix. Inverting equation 6 and using equation 5 it is possible to express the dimensionless pressure vector as a function of the cumulative displacement vector:
For a generic panel the aerodynamic force, applied at the load point of that panel is obtained by multiplying the dynamic pressure by some geometrical quantities of the panel and by the dimensionless pressure jump. If this fact is extended to all the wing system, it can be deduced that the vector which contains the scalar components of the aerodynamic forces of all the panels is written as a product between the fraction of the dynamic pressure and a matrix I D which depends on the geometry. This matrix has to multiply the vector containing all the pressure jumps. Thus
N is the number of aerodynamic boxes. The relation between the aerodynamic forces and the cumulative displacement vector can be found by substituting equation 7 into equation 8 as follows:
To elaborate equation 9 the introduction of the definitions of the matrices B (jω) and B (jω) is required:
With the help of equations 10 and 11 the aerodynamic loads (equation 9) in the frequency domain are written as
A Roger procedure 44−45 is used to obtain a rational function approximation. Both matrices B (jω) and B (jω) are considered and the same lag terms are used. This simplifies considerably the theory. The Roger procedure gives the following result:
Defining β i = V∞ b β i , simplifying and using analytical continuation to expand from the imaginary axis to the Laplace domain adjacent to it jω → s, it is possible to write the aerodynamic matrices in the Laplace domain, where s is the Laplace variable:
Note that B 0 = 0. The reason for this is that B 0 represents the steady counterpart of matrix B which is with only zeros in the steady case (see in particular its definition in equation 11). In the following derivation matrix B 0 is kept to have the expressions of the Roger approximations for matrices B and B formally identical (see equation 14) . From equation 12 it is deduced that the aerodynamic forces in the Laplace domain can be written as
Using equation 14 the aerodynamic loads (equation 15) are:
were the following definitions have been introduced:
The aerodynamic loads (forces) of equation 16 are applied at the load points of the aerodynamic panels. They are transferred to the structural nodes using the algorithm applied for the steady case.
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The algorithm is the following. For all aerodynamic load points, the aerodynamic forces are extracted from equation 16 . Then the triangular structural finite element that includes the load point of the generic aerodynamic panel is found. The equivalent loads applied at the nodes of the triangular FE element (which contains the load point) are obtained by using the area coordinates. 46 Finally, an assembly procedure is required (a node in general connects more FE elements). Notice that some zero rows in correspondence of the rotational degrees of freedom have to be added. From a practical point of view the matrices A 0 , A 1 , A 2 and A 2+i are assembled at structural level as was done 37 when matrix c was assembled to get matrix C in the steady case (details omitted for brevity). A 0 is the assembled matrix corresponding to A 0 . Similar notation is used for the other matrices. After the assembling is completed the vector of the aerodynamic forces applied at the nodes of the FE mesh is written as
which is formally identical to the equation found in a previous work. 37 The difference between the present formulation and the past formulation is that now the matrices A 0 , A 1 , A 2 and A 2+i are obtained directly at full order structural level whereas in the past formulation they were obtained from the reduced order generalized aerodynamic matrices calculated with commercial codes such as ZAERO or DLM. The work presented in this paper is then the full-order coupling of linear unsteady aerodynamics in the frequency domain and nonlinear structural FEM codes to perform time domain simulations. "Full order" modeling leads, of course, to different size models for the structure and aerodynamics depending on the detail and number of degrees of freedom of structure and aerodynamics meshes, respectively. With full order aerodynamic models, on detailed aerodynamic meshes, it is possible to capture aerodynamic behavior due to local as well as global deformation patterns of the configuration.
V. Time Domain Simulations with Aerodynamic Convolution Integrals (First Method)
Starting point is equation 18. Using the Inverse Laplace Transform (ILT) 47 expressions in the time domain can be obtained. To transform the lag terms to the time domain convolution integrals are used.
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The following definition is introduced:
The time domain aerodynamic forces have the following form:
The equation of motion, which includes aerodynamic and non-aerodynamic loads, has to be numerically integrated in the time. Newmark's method is used. 46, 37 The equation that has to be solved at each iteration of the Newton Raphson method is the following:
where t+∆t L n unsteady is the n th realization of the aerodynamic loads at time t + ∆t and t+∆t P ext are the external non-aerodynamic loads. The explicit form of the aerodynamic force vector is (see equation 20) :
The main problem is the calculation of the integrals in the time domain. 37 The details are omitted here for brevity. Note that the approximation used to calculate the integrals is more accurate if the size of the step used in the time integration is small. In order to have an indication of an opportune size of the time step the following formula was suggested:
is the maximum reduced frequency used for the Roger fit; N time step is a number chosen by user. If this number is larger the accuracy is improved. CPU time increases considerably, however, when N time step is large. C D is the full order damping matrix. In this paper we will use a damping matrix obtained from the generalized damping matrix as explained in a previous authors' work. 37 Basically, the generalized damping matrix C gen D is "enlarged" to the full order case by using a transformation matrix T as follows:
The details on the derivation of matrix T are here omitted for brevity. It may be argued that while the structural and aerodynamic models are at full order level, the damping matrix is not (it is in fact "enlarged" from the generalized matrix). This choice was made to have matrix C D defined exactly as in the case in which a reduced order aerodynamics was considered. 37 So, when the present results obtained with the full order aerodynamic model are compared with the results obtained with the reduced order aerodynamic model 37 the numerical differences that are found can not be attributed to the damping matrix because it has the same expression in both the "approximated" and "full order" cases (see Figure 1 ). The reasons of the differences of results will be then attributed to the type of aerodynamic model (the structural FEM model is at full order level in any case). In the case of the analyzed Joined Wing the structural damping will be set to be zero.
VI. Time Domain Simulations Using Second Order Unsteady Aerodynamic Equations (Second Method)
This is an alternative procedure. The peculiarity of this procedure 39 is that it avoids the needs of time domain integrals of the type seen for example in equation 20. As for the first method for time domain simulations the starting point is equation 18. Next, it is assumed that N lag , the number of lag terms, is even. Under this assumption the aerodynamic forces in the Laplace domain can be rearranged as follows:
Now the following definition is introduced: 
The lag state variables have to satisfy equation 26 which can be rearranged in a more convenient form:
where
Applying the Inverse Laplace Transform (ILT) 47 of both equations 28 and 27:
The equation of motion, which includes aerodynamic and non-aerodynamic loads, has to be numerically integrated in the time. Newmark's method is used. 46 The details are here omitted for brevity. With this formulation the tangent matrix of the entire system is calculated by including the contribution from the structure, the contribution from the aerodynamics and the dynamic contribution. This is also true for the case of the first method. The difference is that the mathematical expressions are not the same. Also, in the first method there are some auxiliary variables used to calculate the integrals in the time domain, whereas in the second approach there are other variables related to the lag terms.
Equation 21 has to be solved at each iteration of the Newton Raphson method. The aerodynamic loads and lag state variables at time t + ∆t are obtained from equation 30 as follows:
The second method presented here is completely different than the first method discussed earlier.
Here there is the restriction to have an even number of lag terms, but the issue of calculating the integrals in the time domain is not present. The second method is not also exactly equivalent to the first one. The reason is that the initial conditions are different. This has already been discussed and the details are omitted here.
39
C D is the full order damping matrix and is obtained as explained above (First Method). As far as the size of the time step is concerned, equation 23 is still valid. The two methods for time domain simulations 39 have already been compared in the cases of reduced order aerodynamic models.
VII. Two Options for the Dynamic Aeroelastic Analysis
Regardless of which unsteady aerodynamic time domain method is used, two options for performing the time domain simulations are used here. In the first one, named "complete dynamic aeroelastic simulation", integration of the time dependent equations of motion is performed from the start, after the system is perturbed using initial shape (corresponding, for example, to a constant angle of attack) or some other initial conditions.
In the second option, named "dynamic aeroelastic perturbation about a steady state solution" the procedure is quite different. For the speed V ∞ , the nonlinear steady state (static) equations are solved (Newton Raphson method). The static equilibrium configuration is represented by the coordinate vector x eql . Dynamic analysis is then performed about this static configuration. In the following the two time-simulation approaches will be compared for the case of lag states modeled using first order ODEs and convolution integrals (see equation 20) .
A. Complete Dynamic Aeroelastic Simulation

Initial Conditions for the Time Domain Simulation
The dynamic analysis is considered performed after the system is perturbed using initial conditions with respect to the reference (unloaded) configuration, without a starting equilibrium configuration. The unsteady aerodynamic forces in the time domain are given in expression 20. For the initial instant t = 0 the integral of the lag terms is set to be zero. So we have:
It is reasonable to assume that the speed of nodal motion (not the aerodynamic speed V ∞ which is different than zero) is zero:
The aerodynamic force vector is then:
The lag terms are still present in the aerodynamic stiffness matrix A . Next, a perturbed initial configuration x pert , for example a configuration with a small angle of attack, is assumed. So, it is important that
Based on this assumption, the vectors x pert and x α=0 are augmented by adding zeros in correspondence of the rotation degrees of freedom of the structural nodes, and the vectors x pert and x α=0 are obtained. Considering that the aerodynamic forces do not depend on the FE rotations the cumulative displacement at the initial instant can be assumed according to the following formula:
The aerodynamic loads are then partially known, and to find the acceleration, the equilibrium equation written at the initial instant t = 0 is considered. It is also assumed that the nodal speeds are zero. Therefore, it is possible to derive the following equation (see equation 21):
Suppose now that the initial condition is a stress free one. No internal forces are present therefore and it is possible to write with the help of equation 34:
from which the initial value for the nodal acceleration can be calculated:
With this formulation, even in the case of absence of non-aerodynamic loads ( 0 P ext = 0) nonzero accelerations are present. The time step procedure (Newmark + Newton-Raphson) can now be started with the initial conditions 33, 36 and 39 and with the initial coordinate vector x pert . To perform the dynamic simulation the damping matrix is also needed. This is calculated as explained above (see equation 24 and the comments reported there).
B. Perturbation Dynamic Aeroelastic Simulation About a Static Aeroelastic Solution
The dynamic simulation is performed after the static steady state solution is found. It is useful to review how the static solution is performed.
Initial Conditions for the Static Solution
The aerodynamic influence coefficients are calculated for a configuration with zero angles of attack for all aerodynamic boxes. This configuration is also the geometry from which motion starts. Thus, no motion dependent aerodynamic loads appear initially, and unless there is a non aerodynamic external load the structure will not move. At the very first iteration (iteration 1 of load step 1) of the Newton Raphson procedure an initial perturbation shape is imposed:
The initial perturbation can, for example, be a configuration with constant angle of attack. Considering this perturbation of the system and the fact that the FE rotations do not affect the aerodynamics, the cumulative displacement vector is initialized as follows:
Static Solution
Following the procedure presented in an earlier work, 37 the reference aerodynamic pressure is calculated
is calculated. This is the increment in dynamic pressure from one load step to another. An increment of external concentrated loads can similarly be defined. The reference magnitude (which is a
The aerodynamic loads are calculated (at the very first iteration U step λ iter (n−1) = U 0 ):
where λ is the load factor and it is equal to 1 for the first load step, 2 for the second load step, and so forth. Because results are presenting here for which dynamic pressure is increased incrementally, the procedure is valid when the flow can be considered incompressible, or when dynamic pressure is increased at any other non-zero constant Mach number. If the Mach number is changed and the hypothesis of incompressible flow is removed, then the matrix C is not constant and it becomes load step dependent. In fact, when the convergence of a particular load step is reached, the load step is incremented by one and the dynamic pressure (and so the speed) is incremented as well. This increase means a different Mach number and so a different matrix C is calculated by the DL code. In this paper this is not the case and all the results will assume incompressible flow and constant aerodynamic matrix C calculated once. How matrix C is calculated is not reported here for brevity.
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The internal forces F step λ iter n int are known from the previous iteration (if the very first iteration of the first load step is considered, there are no internal forces because the structure is initially assumed to be stress-free). So the unbalanced loads P step λ iter n unb can be calculated:
Next, the aerodynamic tangent matrix K step λ Taero is calculated as
The aerodynamic tangent matrix is only load step dependent. The present derivation couples the aerodynamic and structural models. Therefore, in addition to the aerodynamic tangent matrix there is the structural tangent matrix. In detail, the structural tangent matrix K step λ iter n T is calculated by adding the elastic stiffness matrix K step λ iter n E (calculated considering the coordinates at the beginning of the n th iteration) and the geometric stiffness matrix K step λ iter n G . In practice it is convenient to perform this operation at element level and then assemble the resulting matrix.
The structural tangent matrix is updated at each iteration of the procedure. The term iteration used here refers to the repetitive refinement of a nonlinear solution for an incremental load step. It does not refer to the process of increasing loads and dynamic pressure incrementally. Now, the tangent matrix K step λ iter n Tangent of the entire aeroelastic system is built by adding the structural and aerodynamic tangent matrices as follows:
The following linear system can now be solved, and the displacement vector u step λ iter n can be found:
Node location coordinates are updated for the next iteration:
is the vector which contains only the translational degrees of freedom, and it is obtained from the vector of displacements u step λ iter n by eliminating the rows corresponding to the rotations. If the last iteration of the load step λ has been performed, then the left hand side of the previous equation is x step (λ+1) iter 1 instead of x step λ iter (n+1) . Rigid body motion is eliminated from elements according to the Levy-Gal's procedure 42 and the pure elastic rotations and strains are found. Using these quantities the internal forces are updated for the next iteration and, therefore, the vector F step λ iter (n+1) int is created (in the case in which the last iteration of load step λ has been performed the term F step λ iter (n+1) int has to be replaced by F
step (λ+1) iter 1 int
). The cumulative displacement vector is updated next:
The procedure is repeated until a desired convergence tolerance is reached.
Initial Conditions For Time Domain Simulations
The steady state solution corresponding to speed V ∞ is represented by the vector x eql which contains the coordinates of the nodes and by a vector which contains the internal forces. This vector is indicated with the symbol 0 F int to indicate that the time zero corresponds to the steady state equilibrium. At the steady equilibrium the cumulative displacement vector reached a certain value and this value will be indicated as 0 U to indicate that it is the starting value for the time domain simulation. In alternative, it can be observed that the FE rotations do not affect the aerodynamics and the initial value for the cumulative displacement vector used in the time domain simulations can be calculated with another method. This is the following. The steady state equilibrium configuration is represented by the coordinate vector x eql . Augmenting this vector with zeros in correspondence of the rotations and subtracting the augmented vector of the reference configuration with zero angle of attack, it is possible to find the alternative expression for the initial cumulative displacement that will be used in the iterative procedure for time domain simulations:
In addition of the previous mentioned quantities, at the static equilibrium configuration there are known external loads 0 P ext and known steady aerodynamic forces. Assuming zero nodal speed and assuming the integral of the lag terms zero the dynamic equation at the instant 0 corresponding to the initial steady state solution is:
from which the acceleration vector can be calculated as follows:
It can be observed that at the static equilibrium configuration the unbalanced loads are zero. The unbalanced load vector is obtained by adding the external loads and the static aerodynamic loads and subtracting the internal forces. Therefore, the condition of zero unbalanced load vector leads to 
How the Damping Matrix is Updated
The full order damping matrix C D is calculated with a procedure which is different than the one explained when equation 24 was derived. 37 When equation 24 is applied, the transformation matrix T is calculated by using a basis with modes calculated at the equilibrium position x eql and using the tangent matrix relative to the internal forces at the steady state solution. This method for calculating the damping matrix is the same as the one used for the reduced order aerodynamics reported in the literature 38 and the reason, as before, is that by using the same damping matrix it becomes possible to examine overall diferences in simulation results due to other sources such as the different accuracy in the description of aerodynamic loads.
VIII. Test Cases and Results
A. Planar Case: the Delta Wing
The delta wing is a well known aeroelastic model 25−26 (see Figure 2 ) for which both numerical and experimental results are available. Beyond geometry, shown in the figure, additional information for the mathematical model is as follows: 16 wing segments; 318 structural nodes, 552 structural (triangular) elements, 252 aerodynamic panels and Mach = 0. In all the cases studied the wing is perturbed from its reference Figure 2 . The delta wing.
shape using an initial angle of attack α = 1 deg. That is, the complete dynamic simulations are initialized with this perturbation from the reference shape, as it is in the case of the steady state solution. Reduced frequencies for tabulated unsteady aerodynamic matrices (defined as k = The present capability couples a full order linear unsteady aerodynamic code and a full order nonlinear structural FEM code. This is the "full order" case. The "approximate" cases are obtained by using a modally reduced order linear unsteady aerodynamics (in this paper based on DLM). See Figure 1 for more details. The approximate cases were also analyzed in previous works, 37, 38 and, thus, the new results presented here allow assessment of the accuracy of the approximations presented in such earlier works. Before focusing on the results, what we term here "consistent" flutter speed V consistent F , "sub-critical" speed and "post-flutter" speed should be introduced. For the proposed procedure presented in this work linear unsteady aerodynamics and geometrically nonlinear structural models are coupled. The definition of flutter speed is revised to account for "stability in the small" loss of stability about static aeroelastic solutions, where the local stiffness matrix (linear, geometric, and aerodynamic combined) replaces the reference linear stiffness matrix, and a "consistent" flutter speed is introduced as follows. 37, 48 A flow speed V ∞ , is selected. Given an initial perturbation from the reference unstressed shape of the structure (for example the structure is displaced with an angle of attack; in the case of the delta wing the perturbation is α = 1 deg) a full order nonlinear static aeroelastic analysis is performed. The resulting deformed configuration now corresponds to the nonlinear static equilibrium at the assumed flow speed V ∞ . At this point, the tangent structural stiffness matrix relative to this configuration is calculated and used to find tangent structural modes. With these tangent modes a linear flutter analysis is carried out. The mode shapes in this case are relative to the deformed configuration. The resulting flutter speed V F can be larger, equal, or smaller than V ∞ if the effect of internal stresses tend to reduce effective stiffness of the structure in the last case. The procedure is repeated 37 by increasing the air speed, calculating static aeroelastic deformation and internal stresses, calculating new structural modes for the stressed configuration, and then the resulting flutter speed for the linearization about the static aeroelastic solution. If the "stability in the small" flutter speed V F with respect to a stressed configuration at some airspeed V ∞ is found to be equal to that airspeed, then, a "consistent" flutter speed has been found: V consistent F . The damping matrix is updated at the static equilibrium configuration by calculating the structural tangent modes and using a least squares method to match deformation expressed as a superposition of these modes to the full order deformation (LSM). For the delta wing presented here, with ζ i = 0.03 and 20 modes used for both the damping and generalized aerodynamic matrices V 
Consistent Flutter Speed
Sub-Critical Speed
A sub-critical airspeed is any speed that is lower than the consistent flight speed:
For small perturbations from static equilibrium at sub-critical speeds the system will converge to a steady state solution after the transients subside.
Post-Flutter Speed
A post-flutter airspeed is any speed larger than the consistent flutter speed
Small perturbations from static equilibrium in this case will not decay back to the static equilibrium itself, and will grow. In the presence of effective stiffening as a result of growing amplitudes, an aeroelastic system can reach limit cycle oscillations, as is the case of the delta wing. Figure 3 compares the results obtained with the "full order" case (full order aerodynamics on the aerodynamic mesh) and the reduced order case (modal aerodynamics). 37 The lag effects of the aerodynamic forces are calculated by using time domain convolution integrals (see equation 20) .
Sub-Critical Speeds. Complete dynamic simulation. Lag States via Convolution Integrals
As can be seen, the error in the solution based on modally reduced aerodynamics is practically zero, verifying convergence studies (with increasesd number of modes) conducted earlier, 37 which showed fast convergence of nonlinear aeroelastic simulation results for this wing with a small number of modes used to generate generalized aerodynamic force matrices. This may not be the case when 3D complex configurations are involved and a small set of modes is not sufficient for capturing deformation (and resulting aerodynamic forces) accurately. In such cases the full order aerodynamic matrix (on the aerodynamic mesh) should be used as outlined above. When nonlinear aerodynamic effects become important, panel method aerodynamics should be either corrected (if such a correction leads to accurate results) using wind tunnel or CFD results. Linearized unsteady aerodynamics about reference nonlinear static CFD solution (linearized generalized aerodynamic forces, GAF) can replace the generalized aerodynamic matrices based on linear theory used here without much difficulty. If fully nonlinear unsteady aerodynamic efects must be accounted for, fully coupled CFD / FE simulations must be used. Figure 4 compares the full order case with the reduced order case (with modally reduced order aerodynamics but full order structural model). The aerodynamic forces are calculated in the time domain by using con- volution integral formulation. The accuracy of the results for the case of the delta wing is very good. Both the full order and reduced order cases predict the same LCO amplitude and frequency. Figure 5 compares the results obtained with the full order aerodynamics case and the modally reduced order aerodynamic case. 39 The unsteady aerodynamic forces are calculated by adding second order differential equations to the structural second order equations. Thus, convolution integrals in the time domain are not needed (equation 30). 39 As can be seen, the error of the solution based on modally reduced aerodynamics is practically zero. With just a few modes the unsteady aerodynamics in this case is very well approximated. That will not always be the case, however, in the case of more complex configurations. Figure 6 compares the full order case with the reduced order case. The unsteady aerodynamic forces are calculated by simulating the lag states via second order ODE and without any convolution integrals. The accuracy of the results for the case of the delta wing is very good. Figure 7 compares the results obtained with the full order case (full order aerodynamics) and the reduced order case. 38 The aerodynamic forces are calculated by using the first method for time domain simulations based on convolution integrals. As can be seen, the error of the reduced order solution is very small. The initial configuration for dynamic perturbation analysis is a stable equilibrium point. When the transients subside the system returns to the steady state equilibrium. Figure 8 shows the full order case and the reduced order case (in the reduced case only the aerodynamic is reduced in order). The aerodynamic forces are calculated by using unsteady aerodynamic simulations based on convolution integrals in the time domain. The accuracy of the results for the case of the delta wing is very good. The equilibrium configuration is unstable. After perturbation the delta wing does not return to the steady state solution but develops a limit cycle oscillation (LCO).
Post-Flutter Speed Case. Complete Dynamic Simulation. Lag States via Convolution Integrals
Sub-Critical Speed. Complete Dynamic Simulation. Lag States via Second Order ODEs
Post-Flutter Speed Case. Complete Dynamic Simulation. Lag States via Second Order ODEs
Sub-Critical Speed Case. Static Aeroelastic Solution Followed by a Dynamic Perturbation Solution
Post-Flutter Speed Case. Static Aeroelastic Nonlinear Solution Followed by Dynamic Perturbation About It
B. Nonplanar Case: a Joined Wing Configuration
This joined wing is an aluminum wind tunnel model with cantilevered roots. The model is divided into 21 macro panels (the "wing segments") as can be seen in Figure 9 . The structural mesh contains 672 elements and 425 nodes. The subscript "L" is used to identify quantities referred to the lower wing. For example, α L is the angle of attack of the lower wing. The subscript "J" indicates that the quantity is related to the joint. For example, h J is the thickness of the joint. Finally, the subscript "U " indicates that the corresponding quantity is referred to the upper wing. As far as the aerodynamic mesh is concerned, 4 cases are investigated:
• MESH1: 504 aerodynamic panels
• MESH2: 840 aerodynamic panels
• MESH3: 952 aerodynamic panels
• MESH4: 1008 aerodynamic panels
Other data: Mach = 0. Reduced frequencies and lag terms used for the Joined Wing case are the same as the ones used in the delta wing case. Tables 1 and 2 The nonlinear divergence speed (see discussion in a previous paper 37 ) is not discussed here. It can be observed that for this particular case (h U = h L = h J = 0.5 mm) the linear flutter and divergence speeds are practically coincident. 
Linear Flutter and Divergence: Convergence Study
Effect of the Relative Stiffness of the Joint and the Wings on the Linear Flutter and Divergence Speeds
In most Joined Wing configurations the lower wing is swept back while the upper wing is swept forward. The upper wing can also be under compression. The result is a configuration where the upper wing may tend to diverge / buckle. At the same time with a strong joint a restraining effect of the lower wing on the motion of the upper wing can be present. Such interactions can lead to interesting aeroelastic modes of behavior, where, depending on the relative stiffness of the lower and upper wings, the relative stiffness of the inner and outer sections of the lower wing, and the nature of the joint, flutter, buckling (divergence), LCO, or even chaotic motion in special cases can be expected. Table 3 
Nonlinear (Linearized) Flutter
The geometrical structural nonlinearity plays an important role in this configuration because of the internal in-plane forces in the joint area and upper wing. Table 4 presents some interesting results. Table 4 
Effect of Aerodynamic Speed on the Frequencies and Modes
Tracking the changes of "tangent" natural frequencies as a function of flight speed (and, thus, loading) can be very helpful when insight into the resulting aeroelastic behavior is sought.
19,49 Figure 10 shows such results for one of the joined wing configurations analyzed. The modal shapes are affected too by the steady loading as shown in Figures 11-16 . Table 5 shows aeroelastic displacements of three distinct points (on the lower wing, joint and upper wing respectively) as calculated by using the present code and MD NASTRAN. Table 5 validates the present static aeroelastic predictions for the case of a linear structure.
Linear Static Aeroelastic Simulation
Nonlinear Static Aeroelastic Simulation
Exploratory static aeroelastic simulations that include geometrical structural nonlinearities for the joinedwing case were carried out using the new capability. Results are shown in Figure 17 . The nonlinear divergence speed can be found by increasing the aerodynamic speed V ∞ . When the aeroelastic tangent matrix becomes singular the divergence speed is considered reached. Details of this procedure can be found in a previous publication. 37 
Nonlinear Dynamic Aeroelastic Simulation
In an exploratory manner the new full order dynamic aeroelastic simulation (nonlinear full order structural part and linear full order aerodynamic part) were applied to the Joined Wing configuration presented in this work. Figure 18 shows the time history of three points (on the lower wing, joint and upper wing respectively). For a subcritical case (V ∞ = 30 m/s < V consistent F ) after transients decay, the system converges to the steady state solution presented in Figure 17 . The dynamic simulation of nonlinear aeroelastic behavior presents a bigger challenge when speeds close to or beyond the nonlinear divergence speed are considered. In a structurally nonlinear static solution that leads to buckling (divergence), the solution process, unless tailored to the task, can encounter convergence problems. Systematic studies of joined wing configurations at different speeds relative to their static and dynamic instability boundaries are necessary in order to fully understand the nonlinear aeroelastic behavior of such configurations. 
IX. Conclusions
Previous publications discussed a nonlinear aeroelastic procedure for coupling linear modally reduced generalized unsteady aerodynamic forces (GAF, as commonly calculated by standard unsteady aerodynamics codes such as Doublet Lattice, PANAIR, ZAERO) with geometrically nonlinear full order structural finite element equations. The procedure can also use GAFs generated about a nonlinear CFD solution by linearized CFD solutions or by modal perturbations of CFD solutions with respect to their steady state reference. In the present work the procedure is extended to couple nonlinear structural finite element codes with full order linear unsteady aerodynamic models on their full order aerodynamic meshes.
Treatment in the time domain of unsteady aerodynamics can be done in two ways: use convolution integrals based on first order ODE models of the lag terms, or use second order ODE models for the aerodynamic lag terms without any convolution integrals.
The solution can be carried out either as a complete dynamic simulation starting with the unstressed reference structure and some initial conditions in the form of an initial perturbation shape, or, alternatively, start with a static aeroelastic solution at the speed of interest, and follow up by a dynamic perturbation simulation about the resulting nonlinear aeroelastic steady state. A delta wing model for which prior numerical and experimental results were published has been used to study the accuracy of working with modally reduced aerodynamics relative to full order aerodynamics. Exploratory results for joined wing configurations have been presented. The new capability has been thoroughly validated for linear analysis through correlation studies with NASTRAN. It was then extended to the nonlinear aeroelastic problem and used to study the accuracy of complete dynamic simulations versus simulations based on combinations of static aeroelastic and dynamic perturbation solutions about static equilibria. Exploratory studies (linear and nonlinear) of a prototype experimental joined wing configuration have been carried out and reported, together with a discussion of the possible aeroelastic complexity of this configuration and some of the future work needed.
Finally, the methods presented here can be used to study the nonlinear aeroelastic response of damaged airframes, where local damage may lead to increased nonlinear structural effects (to be captured by full order nonlinear finite element analysis) while the overall deformation is still within the power and accuracy of current linear unsteady aerodynamic methods.
